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Computing the Exact Distributions of Some Functions of the
Ordered Multinomial Counts: Maximum, Minimum, Range and
Sums of Order Statistics
By: Bonetti, Cirillo and Ogay
The multinomial distribution indeed plays a very important role in modern statistics.
The manuscript provides algorithms for deriving the exact distribution of sums and ranges of the largest multinomial counts order statistics. I think it is an interesting and very nicely written paper. I really like the idea of replacing chi-squared distributed goodness of fit tests with more powerful tests for which it is more difficult to compute p-values. I also think that the authors do a very nice job presenting the algorithm and motivating the use of these statistics. My main concern is that explicitly deriving the test statistic distributions may not be needed in practice. For example, suppose the goal of the analysis is to test the null hypothesis of equal multinomial probabilities at level 05 . 0   using the maximum multinomial count statistic. One option would be to use the author's code to derive the statistic's null distribution; compute the p-value by summing the null probability for the statistic value that are greater than or equal to the statistic value for the observed data; reject the null hypothesis if the p-value is less than 0.05. I think an easier option would be a Monte Carlo simulation that takes several minutes to write and several seconds to run: sample 6 10 iid null Multinomial vectors; compute the proportion of samples for which the statistic value is greater than or equal to the statistic value for the observed data; reject the null hypothesis if the proportion is less than 0.05. Here is R code that runs in 3 seconds that evaluates the exact distribution of the maximum: The authors derive the exact distributions of the maximum, the minimum, the range, and the sum of the J largest order statistics of a random vector having an equiprobable multinomial distribution based upon an unpublished work by Michael Arnold Rappeport. Preparing these main results, the authors discuss some approximations and some exact results of the distribution of the maximum, the minimum and the range, respectively. Afterwards, their exact results are compared to those approximations and applied in statistical testing theory. Finally, the authors illustrate two applications to testing for the homogeneity of a Poisson process and for clustering diseases.
Overall, the manuscript is well structured and well written. After some minor concerns listed below, I recommend accepting this paper for publication. For example: page 5, lines 44-48 or page 7, lines 19-23 4) page 7, line 8: Put "r-1" in math mode 5) Choose tall bracket ⌊… ⌋ in equation (4.2) and the following ones. 6) Control the line breaks.
For example: page 7, lines 40-42 or page 8, lines 41-44 7) page 11, lines 21-24: Correct the representation of the equation. 8) page 12: The abbreviations "cdf" in Figure 2 and "i.i.d." in line 27 are not introduced. 9) page 13, lines 52/53: " ( , ) with = 0 and" 10) Put the figure closer to the corresponding text.
For example Figures 2 and 3 are illustrated at page 12, but textually mentioned just at page 13. 11) page 19, line 39: "from" 12) The readability of the algorithms given in the Appendix and the comparability to the results could be improved by using the notations from the corresponding section. For example use and instead of and , respectively.
Dear Referees,
First of all thanks for your nice comments on our work and for the useful suggestions you gave us.
As you will see, we have accepted all the changes you have proposed and commented upon the points you have raised.
Here below we collect all the changes introduced in the paper.
Thanks for your help and best regards.
The Authors.
Reviewer 1
-"My main concern is that explicitly deriving the test statistic distributions may not be needed in practice…"
We agree on the fact that, nowadays, very good approximations for the distributions of functions of the multinomial counts can be obtained via simulations, as suggested in your report. And probably, for most applications, those approximations could be sufficient. However, from an epistemological point of view, they will always be approximations, and not exact results as those we propose. We feel that our paper contributes to the resolution of an old open problem related to multinomial random variables.
To take into account your comment, we have added the following text just before Section 2(a):
Note that, given the increased (and still increasing) computing power one can rely upon today, the probability distributions of functions of the multinomial counts can also be estimated via Monte Carlo simulations. However, even if extremely accurate, from a conceptual point of view they are still approximations and not exact results, as those we will discuss in this article.
-"In general, for presenting the results of MC probability assessment I suggest adding standard errors…"
Regarding your comment about standard errors in the MC simulation, we have added the following text on Page 13, Paragraph 3 (the formula is in Latex):
For both figures, standard errors can be computed using the simple formula $ \sqrt{\frac{p(1-p)}{3000}}$, where $p$ is the estimated power.
This gives the reader a quick way to compute the standard errors at her own discretion.
-"I also found the comparison between approximation and exact results in Section 7 a little misleading…"
Finally, to address your very relevant point about power comparisons, we have clarified the text, by adding the following lines at the end of Section 7:
However, one should keep in mind that the observed differences in the performances of the two procedures (exact vs approximation) may also depend upon the accuracy of the calculations of the tail probabilities under the approximation formulas, which may produce type I error probabilities different from the desired ones.
Thanks a lot for your help in clarifying our paper.
Appendix C Reviewer 2
Following your suggestions, we have modified the paper as follows.
1) page 4, line 9: "Dasgupta [13]" DONE (also on page 3) 2) page 4, equation ( DONE in the figure and in the text. 9) page 13, lines 52/53: " ( , ) with = 0 and" DONE 10) Put the figure closer to the corresponding text.
For example Figures 2 and 3 are illustrated at page 12, but textually mentioned just at page 13. DONE 11) page 19, line 39: "from" DONE 12) The readability of the algorithms given in the Appendix and the comparability to the results could be improved by using the notations from the corresponding section. For example use and instead of and , respectively. DONE Thanks a lot for your help in finding even the smallest typo. We appreciate that.
